In this paper we establish an explicit upper bound for the first k-Ramanujan prime R by using a recent result concerning the existence of prime numbers in small intervals.
Introduction
Let k ∈ (1, ∞). The PNT implies that π(x) − π(x/k) → ∞ as x → ∞ and Shevelev [8] introduced the nth k-Ramanujan prime as follows.
Definition. Let k > 1 be real. For every n ∈ N, let R (k) n = min{m ∈ N | π(x) − π(x/k) ≥ n for every real x ≥ m}.
It is easy to show that this number is prime and it is called the nth k-Ramanujan prime.
In this paper we give an explicit upper bound for the first k-Ramanujan prime R (k) 1 for small k. In order to do this, we first give some known results on the existence of prime numbers in short intervals.
On the existence of prime numbers in short intervals
Bertrand's postulate states that for every n ∈ N there is always a prime in the interval (n, 2n]. Now, we note some improvements of this result. In 2003, Ramaré & Saouter [5] showed that for every x ≥ 10726905041 the interval (x, x + x/28313999] always contains a prime number. This was improved by Dusart [3] in 2010 by showing that for every x ≥ 396738 there is always a prime number p with
In 2014, Trudgian [9] proved that for every x ≥ 2898239 there exists a prime number p such that
Proposition 2.1. For every x ≥ 58837 there is a prime number p such that
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Let n ∈ N, c > 0 and x 0 > 0 so that for every x ≥ x 0 there is a prime p such that
Then, we obtain the following result.
Proof. Let y ≥ kx. From (2) we obtain the existence of a prime p in
Corollary 3.2. For every
we have
Proof. Define x ∈ R so that k = 1 + c log n x .
Then x ≥ x 0 and by using Proposition 3.1 we get
This proves our corollary.
A characterisation for k-Ramanujan primes
We obtain the following useful characterisation for the first k-Ramanujan prime.
Proposition 4.1. Let N ∈ N. Then p N is the first k-Ramanujan prime iff the following two conditions are fulfilled:
(a) For every n ≥ N , we have
1 . To show (a), we assume that there is an integer n ≥ N so that p n+1 /p n > k. Let x = kp n . Then p n < x < p n+1 , so that
1 , the equation (3) contradicts the definition of R (k)
1 . So, we proved (a). To show (b), we assume that
which gives a contradiction. Now, let (a) and (b) be true. To show that
which contadicts (1). Now, we prove that
Hence, we obtain
Numerical results
In the following proposition we derive an explicit p such that R 
